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This paper considers a target tracking problem in a non-

cooperative multistatic system, where several transmitters are mov-

ing and their positions are unknown. The receiver listens to the sig-

nals from non-cooperative transmitters via direct and indirect (bounc-

ing from targets) paths. The transmitters and targets are then tracked

based on the measured bearings and the bistatic ranges (derived from

the time difference of arrival of the direct and indirect path signals)

simultaneously. In previous work, we proved that the transmitter tra-

jectories are observable when the two transmitters are not located on

the same line from the receiver, and developed an approximate algo-

rithm to perform estimation based on covariance inflation (CI). In this

paper, a new estimation algorithm, heterogeneous track fusion with in-

formation decorrelation (HTF-D), is developed. It aims to achieve op-

timal estimates without using a large augmented state consisting of all

transmitter and target states. The approach tracks targets individually,

and fuses these highly correlated tracks through a novel information

decorrelation method. The performance of the HTF-D is evaluated

through simulation tests. The results show that the HTF-D provides

better estimates than theCI algorithm, and achieves the same accuracy

as the optimal algorithm when the latter does not suffer from numer-

ical problems due to its large augmented state. The HTF-D estimates

are also consistent statistically.
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I. INTRODUCTION

Passive detection and tracking is desirable in surveil-
lance systems as it estimates target trajectories through
“listening” to the signals emitted by others without any
emission of its own.It can therefore avoid being detected
by the targets it observes. This paper will develop a new
passive tracking algorithm primarily for passive sonar
and radar applications.

Passive tracking algorithms operate according to two
basic approaches. One is to listen to target emission
signals and then to estimate target trajectories. The
techniques such as bearings-only tracking (BOT) and
Doppler-bearing tracking (DBT) belong to this category
[1]–[8]. The target motion state (comprising the target
position and velocity) is estimated by measuring the tar-
get bearings and, if their emissions are narrowband, also
their Doppler shifted frequencies. Since the target range
cannot bemeasured, the conventional BOT/DBT [1], [3],
[5], [6] usually cannot provide accurate trajectory esti-
mates, even when the platform of the receiver maneu-
vers. The recently developed unscented Gauss–Helmert
filter [2], [4], [7], [8] fuses two types of target signals (e.g.,
an acoustic signal and an electromagnetic signal) with
different propagation delays, so that a target range can
be inferred from the delays. This method increases the
estimation accuracy significantly. However, it is only ap-
plicable to the targets that emit these heterogeneous sig-
nals. Another approach to passive tracking is by means
of the multistatic sensor concept,which does not require
any emission from targets. The receiver (listener) listens
to some transmitters’ signals through direct and indi-
rect (bouncing from targets) paths. The targets can then
be tracked based on the measured bearings and bistatic
ranges.The bistatic ranges are derived from the time dif-
ference of arrival (TDOA)of the direct and indirect path
signals. This paper will present a generalization of the
multistatic approach, detailed in the sequel.

The multistatic tracking has been extensively stud-
ied. The international Multistatic Tracking Working
Group, organized in 2005, dedicated research to this
topic. Their research results were summarized in [9].
The algorithms they used include Bayesian tracking, dis-
tributed multiple hypothesis tracking, probabilistic mul-
tiple hypothesis tracking, maximum likelihood proba-
bilistic data association algorithm, and Gaussian mix-
ture cardinalized probability hypothesis density track-
ing. All of them solve the tracking problem for the
conventional multistatic system where the positions of
transmitters and receivers are assumed known. How-
ever, the transmitters’ positions are not always known,
especially for moving transmitters, which do not inform
the receiver of their positions in a timely manner. We
designate this type of transmitters as non-cooperative
transmitters. To widen the application of multistatic sys-
tems, research on non-cooperative transmitters is of spe-
cial interest. In general, the moving target trajectories
are not observable based on the measurements from a
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non-cooperative transmitter only. Additional informa-
tion needs to be provided to estimate the transmitter
positions.A well-knownmethod is to estimate the trans-
mitter position from objects with known positions (e.g.,
landmarks, rocks, or wrecks) [10]–[12]. The environmen-
tal information such as walls and other reflectors can
also be utilized [13]–[15].1 Once the transmitter posi-
tion is known, the target trajectories are observable in
a multistatic system. A study on non-cooperative trans-
mitter system without using additional information was
also conducted recently [16]. It estimates the positions of
targets and a transmitter simultaneously purely from the
measurements. However, this approach is only applica-
ble for stationary targets.

This paper focuses on a new non-cooperative mul-
tistatic configuration [17], [18] that can track trans-
mitters and targets simultaneously, where targets and
transmitters can be either moving or stationary, and no
additional information such as reflections from known
objects and environment is required. The only require-
ment is that the number of non-cooperative transmitters
must be greater than or equal to 2. This configuration
was first proposed in [17]. The observability of the prob-
lem was proved when the two transmitters are not lo-
cated on the same line of sight from the receiver (see
Appendix A). Simulation tests were conducted using
synchronous transmitters for proof of concept. Further
study [18] extended the algorithm from synchronous
transmitters to the more realistic asynchronous case.
This is because non-cooperative transmitters do not ne-
gotiate each other to synchronize their emission times.
The covariance inflation (CI) filter [19] was used for
transmitter and target trajectory estimation in [18] and
its estimation results were compared to the optimal al-
gorithm that estimates the augmented state consisting
of all transmitter and target states. Unfortunately, the
CI filter, being an approximate approach, has a signifi-
cant accuracy gap to the optimal algorithm. The optimal
algorithm is straightforward but, unfortunately, has the
following issues:

1) The state size will be large when many targets exist.
This will cause the estimation to be more sensitive to
the system errors, and it is likely to have numerical
problems.

2) The state size varies with the number of targets in the
system.This complicates the real system applications.

3) The system may face scalability issues as all tar-
get and transmitter estimation is handled by one
estimator.

Thus, a better tracking algorithm is needed.

1Strictly speaking, the systems addressed in these references are not
multistatic systems since they consider only transmitters and receivers.
Non-emitting targets are not there. However, the approaches for the
transmitter/receiver location estimation in these papers can be utilized
in a non-cooperative multistatic system when the additional environ-
mental information is available.

Fig. 1. Noncooperative multistatic system with two asynchronous
transmitters with unknown positions. Transmitters A and B move and
emit “blue” and “red” signals (on different frequencies), respectively.
The dashed lines are the direct signal paths, and the solid lines are the

indirect signal paths.

In this paper,we present a novel heterogeneous track
fusion with information decorrelation (HTF-D) algo-
rithm that provides similar accuracy to the optimal algo-
rithm and estimates each target trajectory individually,
so that the drawbacks of the optimal algorithm caused
by the large state size are avoided. The technical chal-
lenge is that the cross-covariances among the target es-
timation errors cannot be addressed properly if we track
the targets individually.The optimal algorithm estimates
a large augmented state so that these cross-covariances
can be computed easily.The HTF-D, tracking the targets
individually, does not compute the cross-covariances be-
tween individual tracks. To overcome this, we develop a
new heterogeneous and correlated state fusionmethod on
top of the individual tracks, so that the cross-covariances
can be handled properly through the fusion.

The rest of paper is organized as follows. Section 2
describes the problem formulation. Section 3 reviews
the existing estimation algorithms relevant to our prob-
lem. Section 4 describes the HTF-D algorithm. Section 5
shows the simulation results, and conclusions are given
in Section 6.

II. PROBLEM FORMULATION

The problem is illustrated in Fig. 1. A stationary re-
ceiver2 is located at the origin of the Cartesian coor-
dinate system O(0, 0). Two moving platforms A and
B carry emitters that emit asynchronous pulse signals
periodically with different frequencies (represented in
red and blue). One moving target (without emitter) re-
flects the signals to the receiver. Note that only one tar-
get is shown in Fig. 1 for simplicity. The approach is

2The approaches described in the paper are not limited to a station-
ary receiver; they can also work on a moving receiver, assuming the
trajectory of the receiver is known.
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applicable to multiple targets as shown later in the sim-
ulation results. The positions of the transmitters and tar-
get are unknown to the receiver. The direct signal paths
from the two transmitters are represented by dashed
lines,while the indirect signal paths reflected via another
transmitter or target are represented by solid lines. It is
easy for the receiver to differentiate the direct and in-
direct signals from their amplitudes, as the direct signals
are much stronger than the indirect signals [20].

The two transmitters emit signals asynchronously,
based on their own schedules. The receiver needs to per-
form estimation when it receives signals from any one of
transmitters.

The states to be estimated are

xA(tk) = [xA(tk) yA(tk) ẋA(tk) ẏA(tk)]′, (1)

xB(tk) = [xB(tk) yB(tk) ẋB(tk) ẏB(tk)]′, (2)

xDi (tk) = [
xDi (tk) yDi (tk) ẋDi (tk) ẏDi (tk)

]′
, (3)

where xA and xB are the states of the transmitters A and
B, respectively, xDi is the target state with i = 1, . . . , n,
and n is the number of targets in the system. The state
transition model assuming a nearly constant velocity
(NCV) model is

x∗(tk) = F(Tk,k−1)x∗(tk−1) + v∗(Tk,k−1), (4)

where �∗ represents �A,�B, or �Di ,

F(Tk,k−1) =

⎡
⎢⎢⎢⎣
1 0 Tk,k−1 0

0 1 0 Tk,k−1

0 0 1 0

0 0 0 1

⎤
⎥⎥⎥⎦ (5)

with the time interval (not a constant in the asyn-
chronous case)

Tk,k−1 = tk − tk−1, (6)

and v∗ is the zero-mean process noise for the interval
Tk,k−1. Based on the discretized continuous-time white
noise acceleration model [21], its covariance is

E[v∗(·)v∗(·)′] = Q(Tk,k−1)

=

⎡
⎢⎢⎢⎢⎢⎢⎣

T 3
k,k−1

3 0
T 2
k,k−1

2 0

0
T 3
k,k−1

3 0
T 2
k,k−1

2
T 2
k,k−1

2 0 Tk,k−1 0

0
T 2
k,k−1

2 0 Tk,k−1

⎤
⎥⎥⎥⎥⎥⎥⎦
q, (7)

where q is the power spectral density (PSD) of the
continuous-time (acceleration) process noise (same for
x and y, and assumed independent between the coordi-
nates). The measurement vectors are

zA(tk) =
{
bA(tk), when A is emitting at tk,

[rAB(tk) bA(tk)]′, when B is emitting at tk,
(8)

zB(tk) =
{
bB(tk), when B is emitting at tk,

[rBA(tk) bB(tk)]′, when A is emitting at tk,
(9)

zDi (tk) =
{
[rDiA(tk) bDi (tk)]′, when A is emitting at tk,

[rDiB(tk) bDi (tk)]′, when B is emitting at tk,
(10)

where (see Fig. 1)

rAB(tk) = |AO| + |AB| − |BO| + wAB
r (tk), (11)

rBA(tk) = |BO| + |AB| − |AO| + wBA
r (tk), (12)

rDiA(tk) = |DiO| + |ADi| − |AO| + wDiA
r (tk), (13)

rDiB(tk) = |DiO| + |BDi| − |BO| + wDiB
r (tk), (14)

with

|AO| =
√
xA(tk)2 + yA(tk)2, (15)

|BO| =
√
xB(tk)2 + yB(tk)2, (16)

|DiO| =
√
xDi (tk)2 + yDi (tk)2, (17)

|AB| =
√
[xA(tk) − xB(tk)]2 + [yA(tk) − yB(tk)]2, (18)

|ADi| =
√
[xA(tk) − xDi (tk)]2 + [yA(tk) − yDi (tk)]2,

(19)

|BDi| =
√
[xB(tk) − xDi (tk)]2 + [yB(tk) − yDi (tk)]2,

(20)

are the four bistatic ranges, and wAB
r , wBA

r , wDiA
r , and

wDiB
r are their measurement noises, assumed to be zero-

mean white Gaussian with variance σ 2
r , and

b∗(tk) = tan−1
[
x∗(tk)
y∗(tk)

]
+ w∗

b(tk) (21)

are three bearings, where �∗ represents �A,�B, or �Di ,
and w∗

b is the bearing measurement Gaussian error with
variance σ 2

b .

III. REVIEW ON THE EXISTING APPROACHES

The three existing estimation approaches that can be
applied to our problem are reviewed in this section.They
are the optimal, simple, and CI algorithms. The review
focuses on the dynamic state estimation. The parameter
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estimation used for the track initiation is not included.
Interested readers can find the track initiation details
in [18].

A. The Optimal Algorithm

The optimal algorithm [18] is straightforward. It es-
timates the augmented state xALL using the augmented
measurement zALL, which are defined as

xALL(tk) = [xA(tk)′ xB(tk)′ xD1 (tk)′ · · · xDn (tk)′]′, (22)

zALL(tk) = [zA(tk)′ zB(tk)′ zD1 (tk)′ · · · zDn (tk)′]′, (23)

where the sizes of xALL(tk) and zALL(tk) are determined
by the number of targets and transmitters in the system.
The state transition model and measurement model are

xALL(tk) = FALL(Tk,k−1)xALL(tk−1) + vALL(Tk,k−1),
(24)

zALL(tk) = hALL[xALL(tk)] + wALL(tk), (25)

where

FALL(Tk,k−1) =

⎡
⎢⎢⎣
F(Tk,k−1) · · · 0

...
...

...

0 · · · F(Tk,k−1)

⎤
⎥⎥⎦ , (26)

hALL[·] can be derived from (8)–(21), and vALL and
wALL are the process noise and measurement noise,
respectively.

The optimal algorithm performs estimation without
losing any information. Thus, it can in theory obtain the
best estimates. However, when the system is marginally
observable, the augmented state is large, and the mea-
surement noise is large, the optimal algorithm is inferior
to the new algorithm (as it will be shown in Section 4)
because the latter handles small states (each target state
is estimated separately). The state estimate error covari-
ance (time tk is omitted for simplicity) for the optimal
algorithm’s augmented state is

PALL =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

PA PAB PAD1 · · · PADn

PBA PB PBD1 · · · PBDn

PD1A PD1B PD1 · · · PD1Dn

...
...

...
...

...

PDnA PDnB PDnD1 · · · PDn

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

. (27)

The off-diagonal blocks are the cross-covariances among
the transmitter and target state estimate errors. In this
problem, the transmitter and target state estimate er-
rors are all cross-correlated. The off-diagonal blocks are
therefore nonzero.

Although the optimal algorithm can provide opti-
mal solution in theory, it has three drawbacks given in
Section 1.Thus, to track the targets individually (without
large augmented state size), accounting for the coupling
is preferred.

B. The Simple Algorithm

The simple algorithm [18] tracks the trans-
mitters and targets individually in a completely
decoupled manner. The state and measure-
ment vectors are x∗(tk) in (1)–(3) and z∗(tk) in
(8)–(10), respectively. The state transition model is
as in (4), and the measurement model is (8)–(21). It can
be seen that the bistatic ranges in (11)–(14) are functions
of the target state and the emitting transmitter position
(which can be either transmitter A or transmitter B
based on who is emitting at time tk). At a particular
time tk, the emitting transmitter state must be estimated
first, so that the updated transmitter position can be
used in the measurement model for estimating the other
transmitter and the target states.

This approach ignores the transmitter state estimate
errors [namely, PA and PB in (27)] in the other trans-
mitter and target state estimation. Furthermore, since
the transmitters and targets are estimated individually,
the cross-covariances among estimate errors in the op-
timal algorithm [all the off-diagonal blocks in (27)] are
ignored.

C. The CI Algorithm

This approach was used in [18] based on the CI
method [19]. Similarly to the simple approach, the trans-
mitter states are estimated first, and then the estimated
transmitter positions are used to estimate the target
states.Unlike the simple algorithm, it includes the trans-
mitter position errors (assumed white, which they are
not) in the measurement noise when performing target
state estimation. Two CI filters were presented in [18].
One tracks the transmitters with augmented transmitter
states, whereas another one tracks the transmitters indi-
vidually. We will review the first one, as it yields better
performance.

For the transmitter state estimation, the augmented
transmitter state and measurement vectors are

xAB(tk) =[xA(tk)′ xB(tk)′]′, (28)

zAB(tk) = [zA(tk)′ zB(tk)′]′, (29)

respectively. The state transition model and measure-
ment model are

xAB(tk) = FAB(Tk,k−1)xAB(tk−1) + vAB(Tk,k−1), (30)

zAB(tk) = hAB[xAB(tk)] + wAB(tk), (31)

where

FAB(Tk,k−1) =
[
F(Tk,k−1) 0

0 F(Tk,k−1)

]
. (32)

The measurement function hAB[·] can be derived from
(8)–(21), and vAB and wAB are the process noise and
measurement noise, respectively.
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For the target estimation, the state andmeasurement
vectors are xDi and zDi given in (3) and (10), respectively.
The state transition model has been given in (4), and the
measurement model can be derived from (10)–(21). The
CI filter with the following steps is used for the dynamic
target state estimation.

Prediction:

x̂Di (tk|tk−1) = F(Tk,k−1)x̂Di (tk−1|tk−1), (33)

PDi (tk|tk−1) = F(Tk,k−1)PDi (tk−1|tk−1)F(Tk,k−1)′

+ QDi (Tk,k−1). (34)

Update:

x̂Di (tk|tk) = x̂Di (tk|tk−1) + KDi (tk)
[
zDi (tk) − ẑDi (tk)

]
,

(35)

PDi (tk|tk) = PDi (tk|tk−1) − KDi (tk)SDi (tk)KDi (tk)′,
(36)

where

ẑDi (tk) = h
[
x̂Di (tk|tk−1), x̂A/B(tk)

]
, (37)

KDi (tk) = PDi (tk|tk−1)HDi (tk)′SDi (tk)−1, (38)

SDi (tk) = HDi (tk)PDi (tk|tk−1)HDi (tk)′

+HA/B(tk)PA/B(tk)HA/B(tk)′ + RDi , (39)

and

HDi (tk) = ∂h[xDi (tk), xA/B(tk)]
∂x(tk)

, (40)

HA/B(tk) = ∂h[xDi (tk), xA/B(tk)]
∂xA/B(tk)

, (41)

where xA/B and PA/B are the state and error covari-
ance of transmitter A or B based on who is emitting at
time tk.

It can be seen that the CI filter is the same as the
Kalman filter except the innovation covariance compu-
tation in (39). The measurement error covariance RDi

in the Kalman filter is replaced by the inflated measure-
ment error covariance

HA/B(tk)PA/B(tk)HA/B(tk)′ + RDi (42)

in the CI filter. The transmitter error covariance PA/B is
added to the measurement noise. However, PA/B is not
“white,” as the transmitter state estimate error is corre-
lated to its history. This conflicts with the Kalman filter
requirement on the measurement noise to be white. As
indicated in [19], it is clearly not correct since, although
the noise in (42) is zero mean, it is by no means white.
It yields inconsistent estimates with covariances that are
too small. However, the transmitter state estimation can

still yield consistent results, as the augmented state xAB

is used.
Furthermore, the target and transmitter states

are estimated separately in the CI algorithm, which
ignores the contributions of the target measure-
ments zDi to the transmitter state; namely, the cross-
covariances [PADi and PBDi in (27) in the optimal
algorithm] are not handled correctly. Similarly to the
simple approach, the individual target state estimation
also causes the cross-covariances [PDiD j with i �= j
in (27) in the optimal algorithm] to be not treated
correctly. Although the CI approach is better than the
simple approach in term of information loss, it still has
a gap to the optimal approach.

IV. THE HTF-D ALGORITHM

It is desirable to have an approach to track the tar-
gets individually with small state size, and obtain the es-
timates without losing any information. In this section,
we will develop such an approach. The principle, shown
in Fig. 2, consists of the following two steps:

(A) To track targets individually with minimal aug-
mented states [defined in (43)].An augmented state
consists of the two transmitter states and one par-
ticular target state. It is updated by the correspond-
ing transmitter and target measurements defined
in (44). Since the transmitter measurements, zA and
zB, are used to update all the individual tracks, the
individual track state estimation errors are highly
correlated, since they include common information.

(B) To fuse the individual track estimates through a
special information fusion algorithm. The common
information among the individual tracks is com-
puted first, so that the common information can
be decorrelated, and the individual tracks can then
be fused without double counting the common
information.

We designate this approach as the HTF-D. The de-
tails of the two steps are given next.

A. Individual Target Tracking
Assume there are n targets in the system. The ith in-

dividual target state and measurement vectors are de-
fined as

xi(tk) = [xA(tk)′ xB(tk)′ xDi (tk)′]′, (43)

zi(tk) = [zA(tk)′ zB(tk)′ zDi (tk)′]′, (44)

where i = 1, . . . , n, and n is the number of the tar-
gets. The NCV state transition model and measurement
model are

xi(tk) = Fi(Tk,k−1)xi(tk−1) + vi(Tk,k−1), (45)

zi(tk) = hi[xi(tk)] + wi(tk), (46)
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Fig. 2. The flowchart of the HTF-D algorithm. It consists of two steps: 1) Individual target tracking to generate tracks 0–n. These tracks are
heterogeneous and correlated. 2) Fusion of these heterogeneous and correlated tracks.

where

Fi(Tk,k−1) =

⎡
⎢⎣
F(Tk,k−1) 04×4 04×4

04×4 F(Tk,k−1) 04×4

04×4 04×4 F(Tk,k−1)

⎤
⎥⎦
(47)

is the state transition matrix, hi[·] is the measurement
function that follows from (8)–(21), and vi(·) and wi(·)
are the process and measurement noises, respectively.
The extended Kalman filter is used for the dynamic es-
timation. The ith individual track state estimate is

x̂i(tk, zi) = [x̂A(tk, zi)′ x̂B(tk, zi)′ x̂Di (tk, zi)′]′, (48)

where zi indicates that the state is contributed by the
measurement zi consisting of zA, zB, and zDi .

It can be seen that the individual state estimates
x̂1(tk), . . . , x̂n(tk) are heterogeneous and their errors will
be highly correlated. The heterogeneity of the individ-
ual track states shown in blue in Fig. 2 is due to different
xD1 , . . . , xDn in the states. The correlation shown in red
in Fig. 2 is caused by the common information from the
transmitter measurements zA and zB.

To quantify the correlation among the individual
state estimates, we add an additional reference track 0.
This reference track is contributed by the transmitter
measurements (the common measurements) zA and zB

only. The state and measurement vectors of the refer-
ence track are defined as

x0(tk) = [xA(tk)′ xB(tk)′]′, (49)

z0(tk) = [zA(tk)′ zB(tk)′]′. (50)

The NCV model is applied for the reference track esti-
mation. The estimate state is

x̂0(tk, z0) = [x̂A(tk, z0)′ x̂B(tk, z0)′]′, (51)

where z0 indicates that the state is contributed by the
measurement z0, namely, zA and zB only.

The individual track initiation uses the iterated least
squares algorithm [18], [19] on a batch of measurements.

B. Individual Heterogeneous Track Fusion
This section shows how to combine the individual

track states into one fused state estimate

x̂ALL(tk, zALL) = [x̂A(tk, zALL)′ x̂B(tk, zALL)′

x̂D1 (tk, zALL)′ · · · x̂Dn (tk, zALL)′]′, (52)

where zALL indicates that the state is contributed by all
transmitter and target measurements.

To fuse these highly correlated and heterogeneous
tracks, we need to examine the information content of
each individual track estimate. Fig. 3 shows the details
for a scenario with three targets. For a particular individ-
ual track i, its information vector and informationmatrix
are

ŷi(tk, zi) = Pi(tk, zi)−1x̂i(tk, zi), (53)

Yi(tk, zi) = Pi(tk, zi)−1. (54)
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Fig. 3. Information contribution distribution in a three-target
scenario.

The above can be separated into two parts. Part 0 (the
gray area in Fig. 3) is contributed by the transmitter
measurements

zA(t1), . . . , zA(tk), (55)

zB(t1), . . . , zB(tk), (56)

and Part i (the white area in Fig. 3, i ∈ {1, 2, 3}) is con-
tributed by the particular target measurement

zDi (t1), . . . , zDi (tk). (57)

The fused information (the full circle shown in Fig. 3) is
the sum of Parts 0,1,2, and 3. Part 0 cannot be usedmore
than once as it is from the same source.

The key challenge is to separate the information cor-
responding to the individual track i into Part 0 and Part i.
This can be done through the information provided by
the reference track 0, which is contributed by the trans-
mitter measurements only, and it is actually equivalent
to Part 0 embedded in each individual track. The infor-
mation vector and matrix of Part i in track i can then be
decorrelated by

ŷi,i(tk, zDi ) = ŷi(tk, zi)� ŷ0(tk, z0), (58)

Yi,i(tk, zDi ) = Yi(tk, zi)�Y0(tk, z0), (59)

where � is heterogeneous “information subtraction.”
Since [ŷi(·), Ŷi(·)] with i = 1, . . . ,n and [ŷ0(·), Ŷ0(·)] are
heterogeneous (of dimensions 12 and 8, respectively),
the subtraction needs homogenization. The reference
track has no information about xDi ; 0s are used to pad
the missing elements in [ŷ0(·), Ŷ0(·)]. The information
subtraction in (58)–(59) is rewritten as

ŷi,i(tk, zDi ) = ŷi(tk, zi)� ŷ0(tk, z0)

=

⎡
⎢⎣
ŷA(tk, zi)

ŷB(tk, zi)

ŷDi (tk, zi)

⎤
⎥⎦ �

[
ŷA(tk, z0)

ŷB(tk, z0)

]

=

⎡
⎢⎣
ŷA(tk, zi)

ŷB(tk, zi)

ŷDi (tk, zi)

⎤
⎥⎦ −

⎡
⎢⎣
ŷA(tk, z0)

ŷB(tk, z0)

04×1

⎤
⎥⎦ , (60)
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Fig. 4. Scenario 1.

Yi,i(tk, zDi ) = Yi(tk, zi)�Y0(tk, z0)

= Ŷi(tk, zi) −
[
Ŷ0(tk, z0) 08×4

04×8 04×4

]
. (61)

After all individual track information is decorrelated
into two parts, the fused the information vector and ma-
trix are computed as

ŷALL(tk, zALL) = ŷ0(tk, z0) ⊕ ŷ1,1(tk, zD1 ) ⊕ · · ·
⊕ ŷn,n(tk, zDn ), (62)

ŶALL(tk, zALL) = Ŷ0(tk, z0) ⊕ Ŷ1,1(tk, zD1 ) ⊕ · · ·
⊕ Ŷn,n(tk, zDn ), (63)

where⊕ is heterogeneous “information addition,”which
is implemented through information homogenization as
done in the heterogeneous “information subtraction”
before, namely, to pad with 0s the missing elements.

The fused vector and matrix are then computed as

x̂(tk, zALL) = Y(tk, zALL)−1ŷ(tk, zALL), (64)

P(tk, zALL) = Y(tk, zALL)−1. (65)

The individual transmitter and target state estimates and
error covariances can then be obtained as the appropri-
ate parts/blocks from x̂(tk, zALL) and P(tk, zALL).

Since the HTF-D does not discard or ignore any in-
formation, it provides the optimal estimates. Further-
more, it does not have the drawbacks of the “optimal”
algorithm,3 as it does not estimate a big augmented state.

3In the sequel, we shall use the designation “optimal” for the optimal
algorithm when it suffers from numerical problem, due its large aug-
mented state.
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V. SIMULATION RESULTS

A. Test Scenarios

Weconsider two test scenarios.Scenario 1 is shown in
Fig. 4.The receiver stays at position (0, 0).The two trans-
mitters A and B move with speed of 3 m/s. Their head-
ings are −70o and −145o (clockwise from True North),
respectively. There are three targets. Targets 1 and 2 are
approaching to the receiver with speeds of 10 and 7 m/s,
respectively. Target 3 is moving away from the receiver
with speed of 5 m/s.The headings of the three targets are
150o, 170o, and 20o, respectively. This scenario has good
observability. The two transmitters are well separated,4

and targets are not located in the blind zone of the mul-
tistatic system.5

Scenario 2 is shown in Fig. 5. The receiver loca-
tion and three target trajectories are the same as in
Scenario 1, but the transmitters move close to each
other. The observability of this scenario is not as good
as that of Scenario 1, as the two transmitters are not well
separated.

In both scenarios, transmitters A and B emit asyn-
chronous pulse signals with starting times 1 and 10 s, re-
spectively. They have the same pulse interval 30 s. The
total simulation duration is 750 s. The receiver receives
the pulse signals with the appropriate signal propagation
delays (the delays are not shown for simplicity) at

{1 s 31 s . . . 721 s} from transmitter A, (66)

{10 s 40 s . . . 730 s} from transmitter B. (67)

The bistatic range measurement error standard devi-
ation is σr = 20 m in both scenarios. The bearing
measurement error standard deviation is σb = 1o in

4The problem is not observable when the two transmitters are located
on the same line from the receiver (see Appendix A).
5When a target and a transmitter are located on similar bearings from
the receiver, the weak indirect path signal is blocked by the strong di-
rect path signal.This creates a detection blind zone for a target near the
line between the transmitter and the receiver. The target observability
in the blind zone is also very marginal due to the geometry.

Scenario 1, and it increases to σb = 1.5o in Scenario 2
to make estimation more difficult. The probability of de-
tection in both scenarios is 0.8. Two random false alarms
were added at each time.A preprocessing with aKalman
filter with 2-D assignment data association is used to
track the bistatic range and bearing to filter out the false
alarms.Themeasurements that passed the preprocessing
will be used for trajectory estimation. The preprocessing
details can be found in [22], where the approach is used
to filter false alarms in the measurements of bearing and
Doppler frequency.

B. Algorithms Used in the Simulation Test

Four algorithms are tested for comparison. They are
as follows:

� Simple: This approach estimates the transmitter and
target trajectories individually. It estimates the trans-
mitter states first, and then the target states.The draw-
back is that the transmitter state estimation errors are
not taken into consideration in the target estimation.
The algorithm details can be found in Section 3.2.

� CI: This approach estimates the two transmitters us-
ing an augmented state first, and then estimates target
states individually. The transmitter estimation errors
are taken into consideration in the target state esti-
mation (but only as extra white measurement noise),
and some cross-correlations are ignored. The details
can be found in Section 3.3.

� Optimal: This approach estimates a large augmented
state consisting of all transmitter and target states.
It can provide the optimal estimates. However, the
large augmented state introduces some numerical is-
sues and increases the system sensitivity to the noise.
The algorithm details can be found in Section 3.1.

� HTF-D:This is the algorithm proposed in the paper. It
tracks targets individually (without a large augmented
state), and obtains the optimal estimation through
heterogeneous track fusion. The details are given in
Section 4.

In the simulation tests, the process noise PSD q in (7)
is set to 10−6 m2/s3. The batch measurements for track
initiation are taken from time 0 to 100 s.

C. Results of Scenario 1

We conducted 100 Monte Carlo runs on the first sce-
nario using the four algorithms mentioned earlier. The
position estimate root mean square errors (RMSEs) of
the two transmitters and three targets versus time are
presented in Figs. 6–10, respectively.

From the test results, we can observe that the sim-
ple algorithm (which ignores the transmitter estimation
errors) provides the worst accuracy. The CI algorithm
(which considers the transmitter estimation errors as
white,and ignores some cross-correlations) is better than
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Fig. 6. Position estimate RMSE of transmitter A versus time from
100 Monte Carlo runs (Scenario 1). The results of the HTF-D (solid
line) and optimal (dashed line) algorithms are overlapping each

other as they provide the same result.

the simple algorithm. The HTF-D and the optimal algo-
rithms provide the best estimates and have practically
the same results. Their accuracy (solid and dash) lines
overlap in Figs. 6–10, except a slight difference in Fig. 8
(around time 150 s), which is due to numerical issues
of Matlab computation. So, we can say that the HTF-D
achieves the optimal performance in this scenario.

To evaluate the consistency of the algorithms, the av-
erage normalized estimation error squared (NEES) of
position is evaluated. The average position NEES [19]
at time tk for N = 100 Monte Carlo runs is

ε̄(tk) = 1
Nn

N∑
i=1

x̃i1:2(tk)
′Pi

1:2,1:2(tk)
−1x̃i1:2(tk), (68)

where n = 2 is the dimension of the position state,
P1:2,1:2(tk) is the position estimation error covariance at
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Fig. 7. Position estimate RMSE of transmitter B versus time from
100 Monte Carlo runs (Scenario 1). The results of the HTF-D (solid
line) and optimal (dashed line) algorithms are overlapping each

other as they provide the same result.
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Fig. 8. Position estimate RMSE of target 1 versus time from 100
Monte Carlo runs (Scenario 1). The results of the HTF-D (solid line)
and optimal (dashed line) algorithms are almost overlapping each

other as they provide similar results.

time tk, i is the run index,

x̃1:2(tk) = x1:2(tk) − x̂1:2(tk) (69)

is the position estimation error at time tk, and x̃1:2(tk)
and x1:2(tk) are the position estimate and ground truth at
time tk, respectively. The two-sided 95% probability re-
gion for an Nn = 200 degrees of freedom (N = 100, n=
2) chi-square random variable is [163, 241]. Dividing by
200, the average NEES should be in the interval [0.815,
1.205]. Figs. 11–15 show the average position NEES ver-
sus time of the CI, and optimal and HTF-D algorithms
for the two transmitters and three targets, respectively.
The NEES of the simple algorithm (around 50–150) is
too far away from the boundary, so it is not displayed in
the figures. It can be seen that the NEESs of the HTF-D
and optimal algorithms are all within the 95% probabil-
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Fig. 9. Position estimate RMSE of target 2 versus time from 100
Monte Carlo runs (Scenario 1). The results of the HTF-D (solid line)
and optimal (dashed line) algorithms are overlapping each other as

they provide the same result.
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Fig. 10. Position estimate RMSE of target 3 versus time from 100
Monte Carlo runs (Scenario 1). The results of the HTF-D (solid line)
and optimal (dashed line) algorithms are overlapping each other as

they provide the same result.
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Fig. 11. Position NEES of transmitter A versus time from 100
Monte Carlo runs (Scenario 1). The results of the HTF-D (solid line)
and optimal (dashed line) algorithms are overlapping each other as

they provide the same result.
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Fig. 12. Position NEES of transmitter B versus time from 100 Monte
Carlo runs (Scenario 1). The results of the HTF-D (solid line) and
optimal (dashed line) algorithms are overlapping each other as they

provide the same result.
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Fig. 13. Position NEES of target 1 versus time from 100 Monte
Carlo runs (Scenario 1). The results of the HTF-D (solid line) and
optimal (dashed line) algorithms are almost overlapping each other

as they provide similar results.
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Fig. 14. Position NEES of target 2 versus time from 100 Monte
Carlo runs (Scenario 1). The results of the HTF-D (solid line) and
optimal (dashed line) algorithms are overlapping each other as they

provide the same result.
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Fig. 15. Position NEES of target 3 versus time from 100 Monte
Carlo runs (Scenario 1). The results of the HTF-D (solid line) and
optimal (dashed line) algorithms are overlapping each other as they

provide the same result.
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Fig. 16. Position estimate RMSE of transmitter A versus time from
100 Monte Carlo runs (Scenario 2).

ity region [0.815, 1.205]. This shows that both the HTF-
D and optimal algorithms yield consistent estimation
results.

For theCI algorithm, the transmitter positionNEESs
are within the 95% probability region (see Figs. 11 and
12).However, the target positionNEESs aremuch larger
than the upper bound after track initiation (see Figs. 13–
15, t > 100 s). This is because the transmitters are esti-
mated using the augmented state given in (28). The esti-
mation error cross-covariance between the transmitters
is taken into consideration.The transmitter estimates are
therefore yield consistent estimates. However, the tar-
get state estimation treats the transmitter position error
as white noise, but this is actually not white. The cross-
correlations with the historical transmitter estimation er-
rors are ignored.This leads to the target state estimation
error covariances smaller than their actual values. The
NEESs are therefore above the upper bound.

D. Results of Scenario 2

We also conducted 100 Monte Carlo runs for Sce-
nario 2, which has marginal observability due to its ge-
ometry and larger measurement error (σb = 1.5o) than
Scenario 1. The position estimation RMSEs of the two
transmitters and three targets versus time are presented
in Figs. 16–20, respectively.

It can be seen that the simple algorithm diverges for
all the transmitter and target estimates.The CI approach
still shows noticeable gaps compared to the HTF-D.

An interesting observation is that the “optimal”algo-
rithm performs worse than the HTF-D for the target 1
estimation shown in Fig.18.This is because the “optimal”
algorithm has a state vector with large size (5 × 4 = 20,
for the 2 transmitters plus 3 targets, each of them has 4
state elements). This creates more numerical problems
than a system with a smaller state, and causes the “opti-
mal” algorithm to yield larger errors than the HTF-D al-
gorithm,especially when themeasurement noise is large.
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Fig. 17. Position estimate RMSE of transmitter B versus time from
100 Monte Carlo runs (Scenario 2).
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Fig. 18. Position estimate RMSE of target 1 versus time from 100
Monte Carlo runs (Scenario 2).
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Fig. 19. Position estimate RMSE of target 2 versus time from 100
Monte Carlo runs (Scenario 2).
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Fig. 20. Position estimate RMSE of target 3 versus time from 100
Monte Carlo runs (Scenario 2).

These results show that the “optimal” algorithm is not
robust when the measurement error is large and observ-
ability is not good. The number of targets in the system
also affects its estimation quality.

VI. CONCLUSIONS

This paper deals with target tracking using a new con-
figuration of a non-cooperative multistatic systemwhere
the positions of moving transmitters are unknown. The
new HTF-D algorithm was developed to track each tar-
get individually, and fuse these correlated and heteroge-
neous tracks using a novel decorrelation approach.Since
it does not lose any information, it can achieve the ac-
curacy of the optimal algorithm. As the HTF-D tracks
each target individually, its state size is fixed and small.
The drawbacks of the optimal algorithm (such as sensi-
tivity to higher noise and difficulty to implement in real
systems) are avoided.

Simulation results showed that the HTF-D indeed
obtained the accuracy of the optimal algorithm. The
NEES results showed that the HTF-D is consistent sta-
tistically as well.We also observed that the “optimal” al-
gorithm yielded larger estimation error than the HTF-

Fig. A1. The triangle formed by the receiver and two transmitters.

D in Scenario 2, where the measured bearing error is
larger and observability is not good.This showed that the
HTF-D is more robust than the “optimal” algorithm.

APPENDIX A OBSERVABILITY

It is known that a multistatic tracking system is ob-
servable when the positions of transmitters and receiver
are known. If both transmitters’ positions can be solved
from the measurements rAB, rBA, bA, and bB [defined in
(11), (12), and (21), respectively] uniquely, the problem
defined in Section 2 is observable.

Without loss of generality, the problem can be simpli-
fied as to determine the triangle�OAB shown in Fig.A1
from rAB, rBA, bA, and bB. This can be done in one time
cycle. The orientations of OA and OB are fixed by bA

and bB, and

θ = bA − bB (A.1)

is known.The problem is then of solving for a and b from
rAB and rBA using the nonlinear model[

rAB

rBA

]
= h0

([
a

b

])
+ w0, (A.2)

where w0 is the error of [rAB rBA]′,

h0,1(·) = c+ a− b, (A.3)

h0,2(·) = c+ b− a, (A.4)

and

c =
√
a2 + b2 − 2ab cos θ. (A.5)

This problem is observable when

det(H0) �= 0, (A.6)

where

H0 = [�yh0(y)′]′ (A.7)

with y = [a b]′.H0 is derived as

H0 =

⎡
⎢⎣
a− b cos θ + c

c
b− a cos θ − c

c
a− b cos θ − c

c
b− a cos θ + c

c

⎤
⎥⎦ (A.8)

and its determinant is

det(H0) = 2(a+ b)(1 − cos θ )
c

. (A.9)

Since (a + b) > 0, det(H0) is 0 when (1 − cos θ )/c is 0.
This latter condition occurs only when θ is 0o (or 180o).
Thus, the problem is observable when the two transmit-
ters are not located on the same line of sight from the
receiver.
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